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Fragmented many-body ground states for salar bosons in a single trap
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We investigate whether the many-body ground states of bosons in a generalized two-mode model
with loalized inhomogeneous single-partile orbitals and anisotropi long-range interations (e.g.
dipole-dipole interations), are oherent or fragmented. It is demonstrated that fragmentation an
take plae in a single trap for positive values of the interation ouplings, implying that the system
is potentially stable. Furthermore, the degree of fragmentation is shown to be insensitive to small
perturbations on the single-partile level.
Fragmentation in many-body states of interating
bosons is dened by the single-partile density matrix
having more than one marosopi eigenvalue [1, 2℄, lead-
ing to marosopi oupation of more than one state. In
the ontinuum, and for repulsive ontat interations, the
Fok term in the total energy favors a single ondensate;
a negative ontat interation implies the ollapse of the
gas before ground-state fragmentation sets in [3℄. On the
other hand, in spatially well-separated systems, fragmen-
tation an be obtained for deep double wells [4℄, or in its
periodi extension Mott state in optial latties [5℄. Fur-
ther examples for fragmentation have been found [6℄, e.g.,
when internal degrees of freedom and suient symmetry
in the interation are present [7℄, in the Rihardson pair-
ing model [8℄, in the rossover to fermionization and for
exited states [9℄, and in rapidly rotating gases [10, 11℄.
However, no ground-state fragmentation of a salar Bose
gas in a single trap has been reported.
So far, only ontat interations between the bosons
and quasi-homogeneous or spatially periodi systems
were onsidered. The question then arises whether for
general inhomogenity, nonloality and anisotropy, i.e.
given the loalization in a single trap with inhomoge-
neously distributed single-partile orbitals (modes) and
for partly positive and negative long-range interations
(of whih the arhetype is the dipole-dipole interation),
ground-state fragmentation an our. In the following,
we onsider for simpliity and easy omparison with the
double-well ase, that only two single-partile orbitals
are oupied [12℄. Examples are gases strongly onned
in a given diretion, e.g., lose to the quasi-2D limit; the
question then arises whether fragmentation ours with
respet to that strongly onning diretion. A two-mode
approximation has, furthermore, the important benet
that the many-body states of the system an be found
essentially exatly numerially (and for speial ases an-
alytially). We demonstrate that by tuning the four in-
teration matrix elements relative to eah other, various
many-body states  oherent and fragmented states, as
well as oherent superpositions of degenerate marosop-
ially distint quantum states [13℄  an be aessed in
a single trap. In addition, the fragmented states are not
suseptible to deay to a non-fragmented (oherent) state
beause of a perturbation on single-partile level [16, 17℄,
due to the fragmentation being based to the values of the
interation ouplings.
We begin with a general quadrati plus quarti Hamil-
tonian for two interating modes,
Hˆ = ǫ0aˆ
†
0aˆ0 + ǫ1aˆ
†
1aˆ1 −
Ω
2
(
aˆ†0aˆ1 + h.c.
)
+
A1
2
aˆ†0aˆ
†
0aˆ0aˆ0 +
A2
2
aˆ†1aˆ
†
1aˆ1aˆ1 (1)
+
A3
2
(
aˆ†0aˆ
†
0aˆ1aˆ1 + h.c.
)
+
A4
2
aˆ†1aˆ1aˆ
†
0aˆ0.
The interation oeients are given by A1 =
V0000, A2 = V1111, A3 = V1100 = V0011 (taken to be
real), and A4 = V0101 + V1010 + V1001 + V0110, where
Vijkl =
∫
d3r
∫
d3r′Ψ∗i (r)Ψ
∗
j (r
′)Vint(r − r′)Ψk(r′)Ψl(r).
It is of major importane for the disussion to follow that
we inlude pair-exhange between the two modes due to
sattering of pairs of bosons ∝ A3, in addition to the
standard density-density type terms ∝ A1, A2, A4. We
stress that this term is absent in the homogeneous on-
tinuum due to momentum onservation. We also note
that the independene of the oeients Ai makes (1)
dierent from rotationally invariant interation Hamilto-
nians in gases with internal degrees of freedom, where
the modes are omponents of a spinor [6, 7℄. For Fourier
transformable interation potentials we have, by onvolu-
tion, Vijkl =
1
(2π)3
∫
d3kρ˜il(−k)V˜int(k)ρ˜jk(k), where the
ρ˜jk(k) are Fourier transforms of Ψ
∗
j (r)Ψk(r). The single-
partile energies ǫi =
∫
d3r[ ~
2
2m |∇Ψi|2 + Vtrap|Ψi|2] are
given by kineti plus trap ontributions. Finally, the
Josephson-type oupling Ω onnets the single-partile
states and orresponds to a tunneling rate [18, 19℄.
We emphasize that diering magnitudes and signs of
the Ai an stem both from the interation and the form
of the single partile orbitals. This only simplies in
the ontinuum limit (the orbitals are plane waves then),
where the interation ouplings diretly reet anisotropy
and long-range harater of the interation. Note that
for ontat interations, all Ai negative neessarily im-
plies ollapse for large systems, ourring by the fat
that hoosing ever more singular single partile orbitals
is energetially advantageous. On the other hand, by ad-
2justing the single-partile orbitals (the trapping) in on-
juntion with in general anisotropi interations like the
dipole-dipole interation, the magnitude and sign of the
interation oeients Ai an be engineered [20℄. The
Hamiltonian (1) therefore represents a minimal model
to investigate whether ground-state fragmentation takes
plae for potentials and traps with arbitrary anisotropy
and shape, leading to essentially independent interation
ouplings Ai. In a single trap, the two terms in the last
line of (1) are important, in distintion to the double-well
ase (aˆ0, aˆ1 are then the annihilation operators for parti-
les in the left and right wells, respetively), where they
both are exponentially suppressed. In partiular, we will
see that the pair-exhange term ∝ A3 deides upon the
lass of many-body solutions obtained.
Let |l〉 ≡ |N−l, l〉 be aN -partile two-mode state, with
N − l in the ground and l partiles in the exited state.
Then, all many-partile states an be expressed by |Ψ〉 =∑N
l=0 ψl|l〉. The energy reads with the Hamiltonian (1),
〈Ψ|Hˆ |Ψ〉 =
N∑
l=0
[
A3
2
dl(ψ
∗
l ψl+2 + ψlψ
∗
l+2)
−Ω
2
ωl(ψ
∗
l ψl+1 + ψlψ
∗
l+1) + cl|ψl|2
]
, (2)
where the diagonal oeient cl = ǫ0(N − l) + ǫ1l +
1
2A1(N − l)(N − l − 1) + 12A2l(l − 1) + 12A4(N − l)l,
dl =
√
(l + 2)(l + 1)(N − l − 1)(N − l), while ωl =√
(N − l)(l+ 1). Dierentiating the funtional (2) with
respet to ψl, the linear system to be solved reads
〈l|Hˆ |Ψ〉 = Eψl = A3
2
(dlψl+2 + dl−2ψl−2)
− Ω
2
(ωlψl+1 + ωl−1ψl−1) + clψl . (3)
There are three important ases, A3 < 0, A3 > 0, A3 = 0,
for a given set of interation ouplings A1, A2, A4 (whih
enter cl), assuming Ω ≥ 0.
To get rst insight, and introdue some notions, we
begin by disussing the simplest ase of no pair-exhange
between orbitals and no oupling of levels, A3 = Ω = 0.
For this onguration, exatly one state |l〉 will obtain,
i.e., a denite oupation of both the ground and ex-
ited single-partile state, beause the Hamiltonian is di-
agonal in l. The neessary ondition for suh a frag-
mented state is onvexity of the energy parabola in l,
∂2cl
∂l2 = A1 + A2 − A4 > 0. The energy is minimized
for lmin =
N
2 +
(A1−A2)(N−1)+2(ǫ0−ǫ1)
2(A1+A2−A4)
. On the other
hand, if the energy parabola is onave, we get a on-
densate, i.e. all partiles aumulating in one of the two-
mode states |N, 0〉 (l = 0), |0, N〉 (l = N), depending
on whih of the two states has lower energy. There is
however one exeptional ase. If the energies of the two
states are idential, leading, by c0 = cN , to the ondition
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FIG. 1: Numerial solutions of (4) for the indiated parame-
ter set, for A3 = −1 (left) and A3 = 1 (right), entered around
l = N/2 (the Ai are given in an arbitrary overall unit of en-
ergy). The red squares indiate the even l setor (distribution
of the φl), and the blue irles the odd l setor (distribution
of the Φl), using the ground-state superposition |φ〉 − |Φ〉 for
larity of representation.
ǫ1 − ǫ0 = (N − 1)(A2 −A1)/2, onavity leads to the o-
herent superposition of the marosopially distint and
degenerate many-body states |N, 0〉 and |0, N〉 [6, 14, 15℄,
haraterized by number utuations of, say, the lower
single-partile state, ∆N20 = 〈Nˆ20 〉 − 〈Nˆ0〉2 = O(N2).
In the ase of a still vanishing Ω = 0, but with a gen-
eral set of {Ai}, Eq. (3) deomposes into two independent
equations onneting the even and odd l setors of ψl,
Eψ2k = c2kψ2k + d2kψ2k+2 + d2k−2ψ2k−2,
Eψ2k+1 = c2k+1ψ2k+1 + d2k+1ψ2k+3 + d2k−1ψ2k−1, (4)
∀ k ∈ {0, . . . , N/2}. We have numerially established
that (to faster than exponential auray in N , i.e.
∝ exp[−Nα] with α > 1) the two resulting ground states
in the setors of even and odd l, |φ〉 = ∑l φl |2l〉 and
|Φ〉 =∑l Φl |2l+ 1〉 are degenerate when the ontinuum
limit (see below) is valid. We display typial results for
ψl distributions in Fig. 1, where we put ǫ0 = ǫ1 = 0 here
and in the plots to follow (the ǫi inuening the loation
of the maximum of the ψl distribution, see Eq. (7) and
the disussion following it).
When the pair-exhange oupling A3 is positive (Fig. 1,
right panel), it auses alternating signs, sign(ψlψl+2) =
−1, indued by its ourrene in the energy funtional
(2): The energy is minimized by hoosing A3ψlψl+2 < 0.
Using the same argument, A3 negative (Fig. 1, left panel)
requires the signs of the ψl to be idential. The energy
ontribution of the pair-exhange term is generally neg-
ative, and its maximization fores ψl to be real.
The existene of sign hanges has profound eets on
the properties of superposed ground states. The rst
order oherene g1 =
1
2 〈aˆ†0aˆ1 + aˆ†1aˆ0〉 vanishes for any
superposition a |φ〉+b |Φ〉 in the presene of osillations in
the even and odd setors of ψl, i.e. for A3 > 0, leading to
well-dened fragmented ground states, in the sense that
their degree of fragmentation F in (5) is independent of
the onrete realisation via the weights a and b. To the
best of our knowledge, this mehanism of fragmentation
3for positive pair-exhange oupling in a trapped salar
Bose gas has not been disussed before in the literature.
For A3 negative, on the other hand, the possibility of
superpositions allowed by the ground state degeneray
auses the system to be arbitrarily tunable between fully
fragmented and oherent states; this an only be avoided
by lifting the degeneray by a small but nite Ω.
We dene the degree of fragmentation to be F =
1 − |λ0 − λ1|/N , where λ0,1 are the eigenvalues of the
single-partile density matrix ρ
(1)
µν = 〈a†µaν〉, given by
λ0,1/N =
1
2 ±
√
1
4 − 1N2 (N0N1 − |〈aˆ†0aˆ1〉|2). They ol-
lapse into a single nonvanishing one, λ = N , as soon
as the state beomes oherent, 〈aˆ†0aˆ1〉 =
√
N0N1, and
therefore F ≡ 0 for oherent states. The degree of frag-
mentation evaluates to
F = 1− 2
N
√√√√∣∣∣〈aˆ†0aˆ1〉∣∣∣2 +
(
N
2
−
N∑
l=1
|ψl|2l
)2
, (5)
where 〈aˆ†0aˆ1〉 =
∑N
l=1 ψ
∗
l−1ψl
√
l(N − l+ 1).
The degeneray of the two many-body states is lifted
by Ω, whih onnets ψl and ψl±1, and resolves this de-
generay already for Ω = O(1/N) [so that the energy
ontribution of the Ω term is still suppressed to O(1/N2)
ompared to the A3 term℄. For A3 < 0, turning on Ω
then establishes a oherent state haraterized by num-
ber utuations ∆N20 ∝ N (with a proportionality fator
of order unity), while for A3 > 0, fragmentation persists
for Ω > 0. We illustrate the hange of F with A3, for
nite Ω, in Fig. 2. We have heked the robustness of the
fragmentation obtained on the A3 > 0 side upon inreas-
ing the interlevel oupling up to Ω ∼ O(N0), as well as
for variations of the values of the single-partile energies
ǫ0 and ǫ1 to the same order. The degree of fragmentation
is therefore stable for small perturbations on the single-
partile level, dierent to what was found in [16, 17℄,
where the origin of fragmentation is distint from our
interation-ouplings based mehanism. Finally, beause
the energy ontribution of the A3 term is negative, for a
onrete realization with suiently small A3 the frag-
mented state has to be at a (loal) minimum of the energy
in the parameter spae of the orbitals Ψi. The latter may
be determined by a variational ansatz, e.g., by using the
ellipsoid half-axes of harmoni osillator trial wave fun-
tions as the orbital parameters [20, 21℄.
We now onsider the ontinuum limit of slowly vary-
ing ψl [4℄, whih allows for an analytial solution in the
Ω → 0 limit. Employing the denition j ≡ l − N2 ,
and expanding cj , dj to quadrati order in j/N , neglet-
ing O(1/N) terms, we obtain a dierential equation for
|ψ(j)|,
[
−|A3|N
2
2
∂2
∂j2
+
|A3|
2R({Ai}) (j −S)
2
]
|ψ| = E′|ψ| . (6)
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FIG. 2: The degree of fragmentation F in Eq. (5) aross the
transition from oherent to fragmented states at A3 = 0, for
small but nite Ω = 1/N . The blue dots represent the frag-
mentation from the numerial solution of (3); the solid red
line is the ontinuum approximation from (9) in the Ω → 0
limit [the agreement, though not visible on the sale of the
gure, has also been veried for the A3 < 0 side℄. The inset
shows the rst-order oherene, with the ontinuum result
g1 =
p
N2/4−S2 exp[−1/(4N√R)].
Here, E′ diers from E by a onstant, and the loation
of the distribution enter, the shift, is given by [24℄
S =
N(A1 −A2)/2 + ǫ0 − ǫ1
A1 +A2 + 2|A3| −A4 . (7)
The solution of lowest energy of the equation for |ψ(j)| in
(6) is a Gaussian entered at S, f. Fig. 1, and of width
σosc =
√
NR1/4({Ai}), provided that
R({Ai}) = |A3|
A1 +A2 + 2|A3| −A4 (8)
is positive. Note that partile number [to O(1/N)℄ and
single-partile energies do not enter R, in distintion to
the orresponding riterion in the double-well ase [4, 14℄.
For either fragmented (A3 > 0) or oherent states (A3 <
0), a neessary ondition besides R being positive, is that
the shift (7) fullls |S| ≪ N2 ; in partiular, a maximally
fragmented state has S = 0. In the ontinuum limit,
using the Gaussian shape of the ψ(j) distribution, it may
be shown that the degree of fragmentation is given by
F =


1− |S|N/2 A3 ≥ 0,
1− e− 14N√R
√
1−
(
S
N/2
)2(
1− e 12N√R
)
A3 < 0.
(9)
The above analytial approximation aurately repro-
dues the numerially obtained result, f. Fig. (2). Note,
provided we have the saling ǫ1− ǫ0 = CNγ for large N ,
with γ ≤ 1 and C onstants, assuming that all Ai sale
identially and A1 6= A2 when C 6= 0, we onlude from
Eq. (7) that fragmentation persists for N → ∞. This is
a remarkable feature of the present two-mode model.
In ase that R beomes negative, or diverges, in the
nondegenerate ase c0 6= cN we simply obtain Fok states
4orresponding to the lower two-mode state, i.e. either
|N, 0〉 or |0, N〉. The degenerate ase leads to oher-
ent superpositions of marosopially distint quantum
states, for whih the original single peak in the ψl distri-
bution splits into two loated around l = 0 and l = N .
The rossover is illustrated in Fig. 3, by varying A4 in
(8), approahing the divergene of R. It appears that
a ne-tuning of parameters is neessary, illustrating the
sensitivity of the superposed states to parameter utu-
ations [15℄.
0 NN2N4 3N4
0.00
0.02
0.04
0.06
0.08
0.10
l
È
Ψ
lÈ
2
N=100, A1=A2=A3=1, A4Î@3.92,4.02D
FIG. 3: Crossover to a oherent superposition of degener-
ate marosopially distint quantum states for diverging R
[Eq. (8)℄, using a maximally fragmented state with S = 0,
upon variation of A4 aross the pole of R. Dark blue to light
green (dark to light gray) indiates inreasing A4; Ω = 0.
In onlusion, we have shown that adjusting the four
interation ouplings in a two-mode model by employing
the inhomogenity of the single-partile orbitals in a trap,
in onjuntion with a generally anisotropi and nonlo-
al interation, leads to fragmented ground states whose
degree of fragmentation is not sensitive to perturbations
on the single-partile level. The physial origin of this
interation-based fragmentation is the pair-exhange pro-
ess of bosons in a trap, not ourring in the ontinuum.
Pair exhanges ause osillations in the distribution of
the many-body wavefuntion amplitudes, whih as a on-
sequene entail vanishing rst-order phase oherene for
positive pair-exhange oupling.
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